
Passive in tegrator and di®eren tiator circuits

This worksheet and all related ¯les are licensed under the Creative Commons Attribution License,
version 1.0. To view a copy of this license, visit http://creativ ecommons.org/licenses/by/1.0/, or send a
letter to Creative Commons, 559 Nathan Abbott Way, Stanford, California 94305, USA. The terms and
conditions of this licenseallow for free copying, distribution, and/or modi¯cation of all licensedworks by
the generalpublic.

Resourcesand methods for learning about these subjects (list a few here, in preparation for your
research):
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Questions

Question 1
R

f (x) dx Calculus alert!

Calculus is a branch of mathematics that originated with scienti¯c questionsconcerningratesof change.
The easiest rates of change for most people to understand are those dealing with time. For example, a
student watching their savings account dwindle over time as they pay for tuition and other expensesis very
concernedwith rates of change(dollars per year being spent).

In calculus, we have a special word to describe rates of change: derivative. One of the notations used
to expressa derivative (rate of change) appearsas a fraction. For example, if the variable S represents the
amount of money in the student's savings account and t represents time, the rate of changeof dollars over
time would be written like this:

dS
dt

The following set of ¯gures puts actual numbers to this hypothetical scenario:

² Date: November 20

² Saving account balance(S) = $12,527.33

² Rate of spending
¡

dS
dt

¢
= -5,749.01per year

List someof the equationsyou have seenin your study of electronicscontaining derivatives,and explain
how rate of changerelates to the real-life phenomenadescribed by those equations.

¯le 03310

Question 2

How does the rate of charge °ow (current) into and out of a capacitor relate to the amount of voltage
acrossits terminals? How doesthe rate of water °ow into and out of a vesselrelate to the amount of water
stored in that vessel?

+

-

Waterflow

current

. . .

. . .

¯le 00193
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Question 3
R

f (x) dx Calculus alert!

According to the "Ohm's Law" formula for a capacitor, capacitor current is proportional to the time-
derivative of capacitor voltage:

i = C
dv
dt

Another way of saying this is to state that the capacitorsdi®erentiate voltage with respect to time, and
expressthis time-derivative of voltage as a current.

Supposewe had an oscilloscope capable of directly measuring current, or at least a current-to-v oltage
converter that we could attach to one of the probe inputs to allow direct measurement of current on one
channel. With such an instrument set-up, we could directly plot capacitor voltage and capacitor current
together on the samedisplay:
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For each of the following voltage waveforms (channel B), plot the corresponding capacitor current
waveform (channel A) as it would appear on the oscilloscope screen:
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Note: the amplitude of your current plots is arbitrary . What I'm interested in here is the shape of each
current waveform!

¯le 01900
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Question 4
R

f (x) dx Calculus alert!

According to the "Ohm's Law" formula for a capacitor, capacitor current is proportional to the time-
derivative of capacitor voltage:

i = C
dv
dt

Another way of saying this is to state that the capacitorsdi®erentiate voltage with respect to time, and
expressthis time-derivative of voltage as a current.

We may build a simple circuit to produce an output voltage proportional to the current through a
capacitor, like this:

Rshunt

C

Vout

Passive differentiator circuit

The resistor is called a shunt becauseit is designedto producea voltage proportional to current, for the
purposeof a parallel ("shunt")-connected voltmeter or oscilloscopeto measurethat current. Ideally, the shunt
resistor is there only to help us measurecurrent, and not to impedecurrent through the capacitor. In other
words, its value in ohms should be very small comparedto the reactanceof the capacitor (Rshunt << X C ).

Supposethat we connectAC voltage sourceswith the following wave-shapesto the input of this passive
di®erentiator circuit. Sketch the ideal (time-derivative) output waveform shape on each oscilloscope screen,
as well as the shape of the actual circuit's output voltage (which will be non-ideal, of course):
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Note: the amplitude of your plots is arbitrary . What I'm interested in here is the shape of the ideal and
actual output voltage waveforms!

Hint: I strongly recommend building this circuit and testing it with triangle, sine, and square-wave
input voltage signals to obtain the corresponding actual output voltage wave-shapes!

¯le 03643
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Question 5

Generally speaking, how many "time constants" worth of time does it take for the voltage and current
to "settle" into their ¯nal values in an RC or LR circuit, from the time the switch is closed?

Time
Switch
closes

Settling time

¯le 00437

Question 6

Supposea fellow electronicstechnician approachesyou with a designproblem. He needsa simple circuit
that outputs brief pulses of voltage every time a switch is actuated, so that a computer receives a single
pulsesignal every time the switch is actuated, rather than a continuous "on" signal for as long as the switch
is actuated:

Computer
Input

Your circuit here

The technician suggestsyou build a passive di®erentiator circuit for his application. You have never
heard of this circuit before, but you probably know where you can research to ¯nd out what it is! He tells
you it is perfectly okay if the circuit generatesnegative voltage pulseswhen the switch is de-actuated: all he
caresabout is a single positive voltage pulse to the computer each time the switch actuates. Also, the pulse
needsto be very short: no longer than 2 milliseconds in duration.

Given this information, draw a schematic diagram for a practical passive di®erentiator circuit within
the dotted lines, complete with component values.

¯le 01219
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Question 7

Plot the output waveform of a passive di®erentiator circuit, assumingthe input is a symmetrical square
wave and the circuit's RC time constant is about one-¯fth of the squarewave's pulse width:

R

C

Passive differentiator

5t

¯le 02052
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Question 8
R

f (x) dx Calculus alert!

Potentiometers are very useful devicesin the ¯eld of robotics, becausethey allow us to represent the
position of a machine part in terms of a voltage. In this particular case,a potentiometer mechanically linked
to the joint of a robotic arm represents that arm's angular position by outputting a corresponding voltage
signal:

Robotic welding machine

Potentiometer

Work

+V

Vposition

As the robotic arm rotates up and down, the potentiometer wire movesalong the resistive strip inside,
producing a voltage directly proportional to the arm's position. A voltmeter connectedbetweenthe poten-
tiometer wiper and ground will then indicate arm position. A computer with an analoginput port connected
to the samepoints will be able to measure,record, and (if also connectedto the arm's motor drive circuits)
control the arm's position.

If we connect the potentiometer's output to a di®erentiator circuit, we will obtain another signal repre-
senting somethingelseabout the robotic arm's action. What physical variable doesthe di®erentiator output
signal represent?

Robotic welding machine

Potentiometer

Work

+V

Differentiator
circuit

VpositionV??? InOut

¯le 03644
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Question 9
R

f (x) dx Calculus alert!

One of the fundamental principles of calculus is a processcalled integration. This principle is important
to understand becauseit is manifested in the behavior of capacitance. Thankfully , there are more familiar
physical systemswhich also manifest the processof integration, making it easierto comprehend.

If we intro duce a constant °ow of water into a cylindrical tank with water, the water level inside that
tank will rise at a constant rate over time:

Flow

Height

In calculus terms, we would say that the tank integrates water °ow into water height. That is, one
quantit y (°ow) dictates the rate-of-changeover time of another quantit y (height).

Like the water tank, electrical capacitance also exhibits the phenomenonof integration with respect
to time. Which electrical quantit y (voltage or current) dictates the rate-of-changeover time of which other
quantit y (voltage or current) in a capacitance? Or, to re-phrase the question, which quantit y (voltage or
current), when maintained at a constant value, results in which other quantit y (current or voltage) steadily
ramping either up or down over time?

¯le 01383
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Question 10
R

f (x) dx Calculus alert!

One of the fundamental principles of calculus is a processcalled integration. This principle is important
to understand becauseit is manifested in the behavior of inductance. Thankfully , there are more familiar
physical systemswhich also manifest the processof integration, making it easierto comprehend.

If we intro duce a constant °ow of water into a cylindrical tank with water, the water level inside that
tank will rise at a constant rate over time:

Flow

Height

In calculus terms, we would say that the tank integrates water °ow into water height. That is, one
quantit y (°ow) dictates the rate-of-changeover time of another quantit y (height).

Like the water tank, electrical inductance also exhibits the phenomenonof integration with respect
to time. Which electrical quantit y (voltage or current) dictates the rate-of-changeover time of which other
quantit y (voltage or current) in an inductance? Or, to re-phrasethe question, which quantit y (voltage or
current), when maintained at a constant value, results in which other quantit y (current or voltage) steadily
ramping either up or down over time?

¯le 01382
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Question 11

Describe what happensto the capacitor voltage in this circuit over time as it is chargedby the constant-
current source:

VC ???

Now, determine the ideal values for V and R that will result in similar behavior in a capacitor circuit
powered by a voltagesource rather than a current source:

V

R

Your answers will, of course,be qualitativ e rather than quantitativ e. Explain whether or not the time
constant for the voltage-source-powered circuit ought to be large or small, and why.

¯le 01895
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Question 12

It is relatively easyto designand build an electronic circuit to make square-wave voltage signals. More
di±cult to engineeris a circuit that directly generatestriangle-wavesignals. A commonapproach in electronic
design when triangle waves are neededfor an application is to connect a passive integrator circuit to the
output of a square-wave oscillator, like this:

R Voutput

V input
C

Anyone familiar with RC circuits will realize, however, that a passive integrator will not output a true
triangle wave, but rather it will output a waveshape with "rounded" leading and trailing edges:

True triangle wave

Passive integrator output

What can be donewith the valuesof R and C to best approximate a true triangle wave? What variable
must be compromised to achieve the most linear edgeson the integrator output waveform? Explain why
this is so.

¯le 01896
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Question 13

Design a passive integrator circuit using a resistor and inductor rather than a resistor and capacitor:

R

VoutputV input

RC integrator

C

VoutputV input

LR integrator

In addition to completing the inductor circuit schematic, qualitativ ely state the preferred values of L
and R to achieve an output waveform most resembling a true triangle wave. In other words, are we looking
for a large or small inductor; a large or small resistor?

¯le 01897

Question 14

When you look at the schematic diagram for a passive integrator circuit, it ought to remind you of
another type of circuit you've seenbefore: a passive¯lter circuit:

R

C

Passive integrator or passive filter?

What speci¯c type of passive ¯lter does a passive integrator circuit resemble? Is the resemblance the
same for LR integrators as well, or just RC integrators? What does this resemblance tell you about the
frequency responseof a passive integrator circuit?

¯le 01898
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Question 15

A "cheap" way to electronically produce waveforms resembling sine waves is to use a pair of passive
integrator circuits, one to convert squarewavesinto pseudo-trianglewaves,and the next to convert pseudo-
triangle waves into pseudo-sinewaves:

R

C

R

C

From Fourier's theory, we know that a squarewave is nothing more than a seriesof sinusoidal waveforms:
the fundamental frequencyplus all odd harmonicsat diminishing amplitudes. Looking at the two integrators
as passive ¯lter circuits, explain how it is possible to get a pseudo-sinewave from a square wave input as
shown in the above diagram. Also, explain why the ¯nal output is not a true sine wave, but only resembles
a sine wave.

¯le 01899

Question 16

Complete the following sentenceswith one of these phrases: "shorter than," "longer than," or "equal
to". Then, explain why the time constant of each circuit type must be so.

Passive integrator circuits should have time constants that are (¯l l-in-the-blank) the period of
the waveform being integrated.

Passive di®erentiator circuits should have time constants that are (¯l l-in-the-blank) the period
of the waveform being di®erentiated.
¯le 01901

Question 17
R

f (x) dx Calculus alert!

Both the input and the output of this circuit are squarewaves,although the output waveform is slightly
distorted and also has much lessamplitude:

R

C R

C

You recognizeone of the RC networks as a passive integrator, and the other as a passive di®erentiator.
What does the likenessof the output waveform compared to the input waveform indicate to you about
di®erentiation and integration as functions applied to waveforms?

¯le 01902
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Question 18
R

f (x) dx Calculus alert!

Determine what the response will be to a constant DC voltage applied at the input of these (ideal)
circuits:

V in
Vout

Differentiator

x dx
dt

Input Output
Vout

x

Input Output

Integrator

ò x dt
V in

Time

Vout

V in

Time

Vout

V in

¯le 03649
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Question 19
R

f (x) dx Calculus alert!

In calculus, di®erentiation is the inverse operation of something elsecalled integration. That is to say,
di®erentiation "un-does" integration to arrive back at the original function (or signal). To illustrate this
electronically, we may connect a di®erentiator circuit to the output of an integrator circuit and (ideally) get
the exact samesignal out that we put in:

Integrator circuit Differentiator circuit

In Out In Out

out = ò (in) dt out = 
d (in)

dt

Basedon what you know about di®erentiation and di®erentiator circuits, what must the signal look like
in betweenthe integrator and di®erentiator circuits to produce a ¯nal square-wave output? In other words,
if we were to connect an oscilloscope in betweenthesetwo circuits, what sort of signal would it show us?

Integrator circuit Differentiator circuit

In Out In Out

out = ò (in) dt out = 
d (in)

dt

???

Oscilloscope display

¯le 03645
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Question 20

When a circuit designerneedsa circuit to provide a time delay, he or shealmost always choosesan RC
circuit instead of an LR circuit. Explain why this is.

¯le 01800

Question 21

An LR di®erentiator circuit is usedto convert a triangle wave into a squarewave. One day after yearsof
proper operation, the circuit fails. Instead of outputting a squarewave, it outputs a triangle wave, just the
sameas the waveform measuredat the circuit's input. Determine what the most likely component failure is
in the circuit.

¯le 01903

Question 22

Calculate the output voltage of this passive di®erentiator circuit 1 millisecond after the rising edgeof
each positive squarewave pulse (where the squarewave transitions from -5 volts to +5 volts):

80 Hz

0m1

7k9

1 ms

5 V peak

5 V

10 V

0 V

Vout

V in

Vout = ???

Vout

V in

1 ms 1 ms

¯le 03652
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Question 23

Calculate the output voltage of this passive di®erentiator circuit 150 microsecondsafter the rising edge
of each "clock" pulse (where the squarewave transitions from 0 volts to +5 volts):

5 V

0 V

Vout

V in

Vout

V in

5 V digital
clock pulse

0.047 mF

2.2 kW

¯le 03654

Question 24

A passivedi®erentiator is usedto "shorten" the pulsewidth of a squarewaveby sendingthe di®erentiated
signal to a "level detector" circuit, which outputs a "high" signal (+5 volts) whenever the input exceeds3.5
volts and a "low" signal (0 volts) whenever the input drops below 3.5 volts:

5 V peak

Vout

V in

Level
detector

2.5 kHz

33 nF

1 kW

Each time the di®erentiator's output voltage signal spikesup to +5 volts and quickly decays to 0 volts,
it causesthe level detector circuit to output a narrow voltage pulse, which is what we want.

Calculate how wide this ¯nal output pulse will be if the input (square wave) frequency is 2.5 kHz.
¯le 03653
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Question 25

A passive integrator circuit is energizedby a squarewave signal with a peak-to-peak amplitude of 12
volts and a frequencyof 65.79Hz:

10k

470n

Vout

12 V P-P
65.79 Hz

V in

Determine the peak-to-peak voltage of the output waveform:

Vp-p = ???

Hint: the output waveform will be centered exactly half-way betweenthe two peaksof the input square
wave as shown in the oscilloscope image. Do not baseyour answer on relative sizesof the two waveforms,
as I have purposelyskewed the calibration of the oscilloscope screenimage so the two waveforms are not to
scalewith each other.

¯le 03308
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Answ ers

Answer 1

Voltage and curren t for a capacitor:

i = C
dv
dt

Voltage and curren t for an inductor:

v = L
di
dt

Electromagnetic induction:

v = N
dÁ
dt

I leave it to you to describe how the rate-of-changeover time of onevariable relatesto the other variables
in each of the scenariosdescribed by theseequations.

Follow-up question: why is the derivative quantit y in the student's savings account example expressed
as a negative number? What would a positive dS

dt represent in real life?

Challengequestion: describe actual circuits you could build to demonstrate each of theseequations, so
that others could seewhat it meansfor one variable's rate-of-changeover time to a®ectanother variable.

Answer 2

Rather than simply give you an answer here, I'll let you ¯gure this out for yourself. Think very carefully
about the water-in-a-vesselanalogy when answering this question! Fill a glasswith water, if necessary, to
gain an intuitiv e understanding of thesequantities.
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Answer 3

Follow-up question: what electronicdevicecould perform the function of a "current-to-v oltageconverter"
so we could usean oscilloscope to measurecapacitor current? Be as speci¯c as you can in your answer.

22



Answer 4

Ideal output Actual output

Ideal output
Actual output

Ideal output

Actual output

Follow-up question: given that Rshunt << X C in order that the resistancedoesnot impedethe capacitor
current to any signi¯cant extent, what doesthis suggestabout the necessarytime-constant (¿) of a passive
di®erentiator circuit? In other words, what valuesof R and C would work best in such a circuit to produce
an output waveform that is as closeto ideal as possible?
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Answer 5

If you said, "¯v e time constants' worth" (5¿), you might not be thinking deeplyenough! In actualit y, the
voltage and current in such a circuit never ¯nally reach stable values,becausetheir approach is asymptotic.

However, after 5 time constants' worth of time, the variables in an RC or LR circuit will have settled
to within 0.6% of their ¯nal values,which is good enoughfor most peopleto call "¯nal."

Answer 6

Computer
Input

Passive differentiator circuit

Did you really think I would give you the component values, too? I can't make it too easyfor you!

Challengequestion: An alternativ e designto the di®erentiator circuit shown above is this:

Computer
Input

Passive differentiator circuit

This circuit would certainly work to create brief pulsesof voltage to the computer input, but it would
also likely destroy the computer's input circuitry after a few switch actuations! Explain why.
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Answer 7

Follow-up question #1: what would we have to changein this passive di®erentiator circuit to make the
output more closely resemble ideal di®erentiation?

Follow-up question#2: explain how it is possiblethat the di®erentiator's output waveform hasa greater
peak amplitude than the input (square) waveform.

Answer 8

The di®erentiator circuit's output signal represents the angular velocity of the robotic arm, according
to the following equation:

v =
dx
dt

Where,
v = velocity
x = position
t = time

Follow-up question: what type of signal will we obtain if we di®erentiate the position signal twice (i.e.
connect the output of the ¯rst di®erentiator circuit to the input of a seconddi®erentiator circuit)?

Answer 9

In a capacitance, voltage is the time-integral of current. That is, the applied current "through" the
capacitor dictates the rate-of-changeof voltage acrossthe capacitor over time.

Challengequestion: can you think of a way we could exploit the similarit y of capacitive voltage/current
integration to simulate the behavior of a water tank's ¯lling, or any other physical processdescribed by the
samemathematical relationship?

Answer 10

In an inductance, current is the time-integral of voltage. That is, the applied voltage acrossthe inductor
dictates the rate-of-changeof current through the inductor over time.

Challengequestion: can you think of a way we could exploit the similarit y of inductiv e voltage/current
integration to simulate the behavior of a water tank's ¯lling, or any other physical processdescribed by the
samemathematical relationship?

25



Answer 11

Both V and R should be extremely large values in order to mimic the behavior of a current source.

Answer 12

Maximum valuesof R and C will best approximate a true triangle wave. The consequencesof choosing
extremely large valuesfor R and/or C are not di±cult to determine { I leave that for you to explain!

Answer 13

VoutputV input

LR integrator

L

R

For maximum "triangle-lik e" waveshape, choosea large value for L and a small value for R.

Follow-up question: explain how the choices of values for L and R follow the same reasoning as the
choicesfor R and C in an RC passive integrator circuit.

Answer 14

The answer to this question is so easyfor you to research, it would be an insult to print it here!

Answer 15

Thesetwo integrators act asa second-orderlowpass¯lter, attenuating the harmonics in the squarewave
far more than the fundamental.

Challenge question: does the output waveshape more closely resemble a sine wave when the source
frequency is increasedor decreased?

Answer 16

Passive integrators needto have slowtime constants, while passive di®erentiators needto have fast time
constants, in order to reasonablyintegrate and di®erentiate.

Answer 17

Di®erentiation and integration are mathematically inverse functions of one another. With regard to
waveshape, either function is reversible by subsequently applying the other function.

Follow-up question: this circuit will not work asshown if both R valuesare the same,and both C values
are the sameas well. Explain why, and also describe what value(s) would have to be di®erent to allow the
original square-waveshape to be recovered at the ¯nal output terminals.
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Answer 18

V in
Vout

Differentiator

x dx
dt

Input Output
Vout

x

Input Output

Integrator

ò x dt
V in

Time
Vout

V in

Time

Vout

V in
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Answer 19

Integrator circuit Differentiator circuit

In Out In Out

out = ò (in) dt out = 
d (in)

dt

Oscilloscope display

Follow-up question: what do the schematic diagrams of passive integrator and di®erentiator circuits
look like? How are they similar to one another and how do they di®er?

Answer 20

Capacitors are generally cheaper and easierto work with than inductors for making time delay circuits.

Answer 21

The inductor is failed open.

Follow-up question: this is not the only possible failure, but it is the most likely. Explain what the
other failure(s) could be, and also why the one given here is most likely.

Answer 22

Vout = 2.82 volts @1 ms after rising edge

Answer 23

Vout = 1.172volts @150 ¹ s after rising edge

Answer 24

tpul se = 11.77¹ s
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Answer 25

Vout (peak-to-peak) = 8.025volts

Follow-up question: the components comprising this circuit are improperly sizedif it is actually expected
to function as a reasonablyaccurate integrator. Suggestbetter component valuesfor the frequencyof signal
being integrated.

Challenge question: write a formula that solves for this peak-to-peak output voltage (Vout ) given the
peak-to-peak input voltage (Vin ), resistor value R, capacitor value C, and signal frequency f .
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Notes

Notes 1

The purposeof this question is to intro duce the concept of the derivative to students in ways that are
familiar to them. Hopefully the opening scenarioof a dwindling savings account is somethingthey can relate
to!

A very important aspect of this question is the discussionit will engenderbetweenyou and your students
regarding the relationship between rates of change in the three equations given in the answer. It is very
important to your students' comprehensionof this concept to be able to verbally describe how the derivative
works in each of theseformulae. You may want to have them phrasetheir responsesin realistic terms, as if
they were describing how to set up an illustrativ e experiment for a classroom demonstration.

Notes 2

The existenceof such an appropriate analogy for capacitor action makes an explanation unnecessary,
even if the concept takes a bit of thought to comprehend at ¯rst. It is important that students clearly
distinguish the quantities of current, voltage, and chargein a capacitor circuit just as they clearly distinguish
the quantities of liquid height, °ow rate, and liquid volume in a hydraulic system.

Notes 3

Here, I ask students to relate the instantaneousrate-of-changeof the voltage waveform to the instanta-
neousamplitude of the current waveform. Just a conceptual exercisein derivatives.

Notes 4

This question really is best answered by experimentation. I recommendhaving a signal generator and
oscilloscope on-hand in the classroom to demonstrate the operation of this passive di®erentiator circuit.
Challengestudents with setting up the equipment and operating it!

Notes 5

The stock answer of "5 time constants" as the amount of time elapsedbetweenthe transient event and
the "¯nal" settling of voltage and current valuesis widespread,but largely misunderstood. I'v e encountered
more than a few graduatesof electronicsprogramswho actually believe there is somethingspecial about the
number 5, as though everything grinds to a halt at exactly 5 time constants worth of time after the switch
closes.

In reality, the rule of thumb of "5 time constants" as a settling time in RC and LR circuits is an
approximation only. SomewhereI recall reading an old textb ook that speci¯ed ten time constants as the
time required for all the variablesto reach their ¯nal values. Another old book declaredseventime constants.
I think we're getting impatient as the yearsroll on!

Notes 6

The behavior of a di®erentiator circuit may be confusingto students with exposureto calculus,because
the output of such a circuit is not strictly related to the rate of change of the input voltage over time.
However, if the time constant of the circuit is short in comparison to the period of the input signal, the
result is closeenoughfor many applications.

Notes 7

Ask students to contrast the behavior of this passive di®erentiator circuit against that of a perfect
di®erentiator (with ¿ = 0). What should the derivative plot of a squarewave look like?
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Notes 8

This question asks students to relate the concept of time-di®erentiation to physical motion, as well
as giving them a very practical example of how a passive di®erentiator circuit could be used. In reality,
one must be very careful to use di®erentiator circuits for real-world signals becausedi®erentiators tend to
amplify high-frequency noise. Since real-world signals are often "noisy," this leads to a lot of noise in the
di®erentiated signals.

Notes 9

The concept of integration doesn't have to be overwhelmingly complex. Electrical phenomenasuch as
capacitanceand inductance may serve as excellent contexts in which students may explore and comprehend
the abstract principles of calculus. The amount of time you chooseto devote to a discussionof this question
will depend on how mathematically adept your students are.

Hopefully, the challengequestion will stir your students' imaginations, as they realize the usefulnessof
electrical components as analoguesfor other typesof physical systems.

Notes 10

The concept of integration doesn't have to be overwhelmingly complex. Electrical phenomenasuch as
capacitanceand inductance may serve as excellent contexts in which students may explore and comprehend
the abstract principles of calculus. The amount of time you chooseto devote to a discussionof this question
will depend on how mathematically adept your students are.

Notes 11

In this question, I ask students to identify the behavior of a true integrator circuit, and then contrast
it with the behavior of what is more accurately known as a ¯rst-order lag circuit (the RC circuit powered
by the voltage source). Of course,the two circuits do not behave the same,but through judicious choicesof
V and C, one can make the "lag" circuit closely mimic the true integrator circuit over a practical range of
capacitor voltage.

Notes 12

This question asks students to recognize con°icting design needs, and to balance one need against
another. Very practical skills here, as real-life applications almost always demand someform of practical
compromisein the designstage.

If students cannot ¯gure out what must be sacri¯ced to achieve waveshape linearit y, tell them to build
such a circuit and seefor themselves!

Notes 13

Explain to your students that although LR integrator circuits are possible,they are almost never used.
RC circuits are much more practical. Ask them to determine why this is!

Notes 14

This question is fairly easy, and providesa logical step to preparestudents for frequency-domainanalysis
of passive integrator circuits.
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Notes 15

Once students have a conceptual grasp on Fourier theory (that non-sinusoidal waveshapesare nothing
more than series of superimposed sinusoids, all harmonically related), they possessa powerful tool for
understanding new circuits such as this. Of course, it is possibleto understand a circuit such as this from
the perspective of the time domain, but being able to look at it from the perspective of the frequencydomain
provides one more layer of insight.

Incidentally , one may experiment with such a circuit using 0.47 ¹ F capacitors, 1 k­ resistors, and a
fundamental frequency of about 3 kHz. Viewing the output waveform amplitudes with an oscilloscope is
insightful, especially with regard to signal amplitude!

Notes 16

If students don't understand why this is, let them work through an example problem, to seewhat the
output waveform(s) would look like for various periods and time constants. Remember to stresswhat an
ideal integrator or di®erentiator is supposedto do!
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Notes 17

That integration and di®erentiation are inversefunctions will probably be obvious already to your more
mathematically inclined students. To others, it may be a revelation.

If time permits, you might want to elaborate on the limits of this complementarit y. As anyone with
calculus background knows, integration intro ducesan arbitrary constant of integration. So, if the integrator
stagefollows the di®erentiator stage,there may be a DC bias added to the output that is not present in the
input (or visa-versa!).

Z
d

dx
[f (x)] dx = f (x) + C

In a circuit such asthis where integration precedesdi®erentiation, ideally there is no DC bias (constant)
loss:

d
dx

· Z
f (x) dx

¸
= f (x)

However, since these are actually ¯rst-order "lag" and "lead" networks rather than true integration
and di®erentiation stages,respectively, a DC bias applied to the input will not be faithfully reproduced on
the output. Whereasa true integrator would take a DC bias input and produce an output with a linearly
ramping bias, a passive integrator will assumean output bias equal to the input bias.y Therefore, the
subsequent di®erentiation stage,perfect or not, has no slope to di®erentiate, and thus there will be no DC
bias on the output.

Incidentally , the following valueswork well for a demonstration circuit:

R

C R
C

0.47 mF

0.47 mF

100 kW

1 kW

100 Hz

Notes 18

Ask your students to frame their answers in a practical context, such asspeedand distancefor a moving
object (where speedis the time-derivative of distance and distance is the time-integral of speed).

y If this is not apparent to you, I suggest performing Superposition analysis on a passive integrator
(consider AC, then consider DC separately), and verify that VD C (out ) = VD C ( in ) . A passive di®erentiator
circuit would have to possessan in¯nite time constant (¿ = 1 ) in order to generatethis ramping output
bias!
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Notes 19

This question intro ducesstudents to the concept of integration, following their prior familiarit y with
di®erentiation. Sincethey should already be familiar with other examplesof inversemathematical functions
(arcfunctions in trigonometry, logs and powers, squaresand roots, etc.), this should not be too much of a
stretch. The fact that we may show them the cancellation of integration with di®erentiation should be proof
enough.

In caseyou wish to demonstrate this principle "liv e" in the classroom, I suggestyou bring a signal
generator and oscilloscope to the class,and build the following circuit on a breadboard:

Vout

V in

TP1

0.22 mF

10 kW

1 kHz

100 kW

0.001 mF

0.001 mF

The output is not a perfect square wave, given the loading e®ectsof the di®erentiator circuit on the
integrator circuit, and also the imperfections of each operation (being passive rather than active integrator
and di®erentiator circuits). However, the wave-shapesare clear enoughto illustrate the basic concept.

Notes 20

The answer given here is purposely minimal. You should ask your students to give responsesmore
thoughtful than this! Ask them why capacitors are cheaper than inductors. Ask them to explain what is
meant by "easier to work with," in technical terms.

Notes 21

There are only two components in this circuit, so determining possiblefailures should not be a problem
at all. To distinguish betweenthe inductor having failed versusthe resistor having failed, oneneedsto know
which type of component failures are more likely (and why!).

Notes 22

This question is nothing more than an exercisein time-constant circuit calculations: determining how
far the output voltage has decayed from its peak of 10 volts after 1 millisecond. Ask your students to share
their techniques for problem-solving with the whole class.

Notes 23

This question is nothing more than an exercisein time-constant circuit calculations: determining how
far the output voltage has decayed from its peak of 5 volts after 150 ¹ s. Ask your students to share their
techniques for problem-solving with the whole class.

Notes 24

This question requires students to calculate a length of time in an RC circuit, given speci¯c voltage
levels and component values. It is a very practical question, as it may be necessaryto build or troubleshoot
such a circuit someday!
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Notes 25

This is an interesting problem to set up. Ask your students what approach they used, so they all can
seemultiple problem-solving techniques. I basedmy own solution on the RC circuit decay equation e¡ t=¿

with x volts being my starting condition and -6 volts being my ¯nal condition (if time t is in¯nite), then I
just solved for x. With my method, x is the peak signal voltage, not the peak-to-peak, so I just doubled it
to get the ¯nal answer.

x

-6 volts

t

-x

My own answer for the challengequestion is this:

Vout =
Vin

³
1 ¡ e

¡ 1
2R C f

´

1 + e
¡ 1

2R C f

Your mileagemay vary . . .
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